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We report on results of our analysis of the c-axis infrared conductivity, σc(ω), of bilayer LnBa2Cu3O7−δ
(Ln=La, Nd, Y) and trilayer Bi2Sr2Ca2Cu3O10+δ high-Tc superconductors. The analysis employs the multilayer
model involving the conductivity of the bilayer or trilayer unit, σbl(ω), and that of the spacing layers separating
the latter units, σint(ω). For the YBa2Cu3O7−δ sample with concentration of holes p = 0.09, our fitting of the data
strongly suggests that at low temperatures, the conductivity σbl(ω) possesses a pronounced and narrow Drude
peak. For samples with p  0.115 however, the fitting indicates that σbl(ω) is, at low temperatures, dominated
by a mode at a finite energy in the range from 30 to 60 meV. The properties of this resonance are in accord with
those of a collective mode that appears in the spectra of σbl(ω) calculated using a microscopic gauge-invariant
theory of σc(ω) by J. Chaloupka and coworkers [Phys. Rev. B 79, 184513 (2009)]. The frequency and spectral
weight of the latter mode are determined by the magnitude of the splitting between the bonding and the
antibonding band of the bilayer or trilayer unit. Our results, in conjunction with the microscopic theory,
thus demonstrate that in moderately underdoped bilayer and trilayer high-Tc cuprates the bilayer (or trilayer)
splitting is already developed. The observed doping dependence is consistent with results from angular resolved
photoemission spectroscopy.
DOI: 10.1103/PhysRevB.99.054513
I. INTRODUCTION
The c-axis infrared (IR) response of high-Tc cuprate su-
perconductors contains a wealth of information that includes
the temperature and energy scales of the pseudogap and the
superconducting (SC) gap [1–8]. In materials with two CuO2
layers per unit cell (the so-called bilayer compounds), the
c-axis response also reflects the electronic coupling within the
pairs of closely spaced CuO2 layers. This coupling gives rise
to a broad absorption peak in the spectra of the real part of
the c-axis conductivity σc(ω), located in the frequency region
between 350 cm−1 and 550 cm−1 [9,10]. The peak, labeled
as the transverse plasmon mode (TPM) in the following,
onsets at a temperature T ons that, in underdoped cuprates,
is higher than Tc but lower than the temperature scale, T ∗,
associated with the pseudogap [7]. The formation of the
TPM is accompanied by pronounced changes of the spectral
structures corresponding to some infrared-active phonons—
the so-called phonon anomalies. These anomalies are well
understood in terms of a coupling of the phonons to charge
density oscillations between the closely spaced layers con-
nected with the TPM. Despite the fact that the anomalies
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do not give evidence for a phonon-mediated mechanism of
superconductivity, they represent a very sensitive probe of the
low-energy charge excitations. This sensitivity was used to
track the anomalous temperature dependence of the TPM in
underdoped YBa2Cu3O7−δ (Y123), in particular its onset, far
above Tc in strongly underdoped samples, that was interpreted
in terms of superconducting or pairing fluctuations [7,8]. In
addition, the TPM and the anomalies have gained consider-
able interest in the context of possible optical enhancement of
superconductivity [11–13].
The TPM and the phonon anomalies in strongly under-
doped samples have been modelled [7,14–16] successfully
by an extension of the so-called multilayer model (MLM)
originally proposed in Ref. [17]. Here, the bilayer cuprates are
thought of as consisting of layers with distinctively different
electronic properties. In particular, the layer limited by the
closely spaced copper-oxygen layers—the so-called intrabi-
layer region—is much more conducting than the layer separat-
ing the bilayer blocks—the so-called interbilayer region. The
conductivities of the former and of the latter will be denoted as
σbl(ω) and σint(ω), respectively. The TPM can be interpreted
in terms of resonant oscillations of the charge density between
the closely spaced CuO2 layers, enabled by the difference
between σbl(ω) and σint(ω). These charge oscillations are
infrared active and give rise to strong modifications of the
local fields acting on the ions that participate in the phonon
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modes. This causes the phonon anomalies. It was indeed
shown that the MLM provides an excellent description not
only of the TPM but also of the phonon anomalies in the
strongly underdoped cuprates [7,14,15]. In these studies it was
assumed that the intrabilayer conductivity σbl(ω) responsible
for the TPM has its transverse frequency at zero, i.e., its
spectra are similar to those of the bulk Drude response.
However, it was suggested earlier [18] that the TPM could be
related to the transitions between the bonding and antibonding
bands of bilayer cuprates which can occur in the coherent
limit relevant for higher dopings. The suggestion of Dordevic
et al. [18] implicitly involves the idea that σbl(ω) has a
finite transverse frequency [i.e., σbl,1(ω) displays a maximum
at a finite frequency]. More recently, detailed microscopic
calculations of the c-axis response were performed by some
of us using a nonperturbative approach involving the bilayer
split bands [19]. These calculations, which are relevant for the
limit of two well developed bands, showed that the transverse
frequency of σbl(ω) indeed does not occur at zero but at a
finite frequency. Early angular resolved photoemission spec-
troscopy (ARPES) experiments had failed to resolve a bilayer
splitting of the conduction band and it was not until overdoped
Bi2Sr2CaCu2O8−δ (Bi2212) samples were measured that the
bonding and antibonding bands were individually resolved
[20–22]. More recently, splitting between the two bands was
observed by ARPES in optimally doped Bi2Sr2Ca2Cu3O10−δ
(Bi2223) [23] and in YBa2Cu3O7−δ (Y123) [24–26].
Inspired by these findings, we seek to discern the effect of
the conduction band splitting in the c-axis response of several
moderately underdoped cuprates. We study LnBa2Cu3O7−δ
(Ln=Y,Nd,La) with hole doping from p ≈ 0.1 to 0.16 and
the Bi2223 trilayer cuprate superconductor. We use the MLM
scheme to fit our data and allow the local intrabilayer con-
ductivity σbl(ω) to be either centered at zero or at a finite
frequency, i.e., to model negligible or significant bonding-
antibonding splitting, respectively. We show here that the
model with the finite transverse frequency of σbl(ω) indeed
yields significantly better fits to the data for moderately un-
derdoped samples (p  0.115). This provides evidence for
bonding-antibonding splitting of the conduction band in the
bulk for bi- and trilayer cuprates.
II. METHODS
A. Samples and measurements
The high quality twinned RBa2Cu3O7−δ (R=La, Nd, and
Y) crystals were flux grown in Y-stabilized zirconium cru-
cibles. For R=Nd, the crystals were grown under reduced
oxygen atmosphere to avoid spurious substitution of the Nd
ion onto the Ba site [27]. The crystals were annealed, while
covered in YBa2Cu3O7−δ (Y123) powder to protect their
surfaces, in a pure oxygen atmosphere at various temperatures
in order to alter δ and hence the electronic doping of the CuO2
layers. When necessary the crystals were mechanically pol-
ished to optical grade using diamond powder paste, however,
virgin surfaces were used where possible. The typical c-axis
dimension of our Y123 single crystals was 0.5 to 1 mm. Since
the c-axis response is insulatorlike, the diffraction effects are
much less pronounced than for the metallic in-plane response.
For the c-axis response of these Y123 crystals, diffraction
effects set in gradually with decreasing wave number and
become noticeable below about 200 cm−1 where they mainly
cause a decrease of the spectral weight of the phonons. The
c-axis dimensions of the Nd123 and La123 crystals are about
2 mm and thus the diffraction sets in at even lower frequencies
than for the Y123 crystals.
The c-axis IR response was measured using broadband
ellipsometry. Ellipsometry is a self-normalizing optical tech-
nique to directly measure the complex conductivity, σ (ω) =
−iε0ω[(ω) − 1], without the need for a Kramers-Kronig
analysis [28]. We used an in-house built ellipsometer attached
to a Bruker fast-Fourier spectrometer at the infrared beam
line of the ANKA synchrotron at the Karlsruhe Institute
for Technology (KIT) to measure in the far-IR range from
70 cm−1 to 700 cm−1, see Ref. [29], and a similar laboratory-
based setup at University of Fribourg covering the far-IR to
mid-IR range, 100 cm−1 to 4500 cm−1. For these ellipsometry
measurements we used a rotating analyzer configuration and
anisotropy corrections were performed where necessary using
standard numerical procedures [28,29].
B. Multilayer model fitting
We have analyzed our data with the MLM [14] whose
details have been described previously and we use here the
same structure of the interaction between the phonons and
the electronic degrees of freedom as in Refs. [16,30]. For
clarity however, we repeat a few key expressions below. The
c-axis response in the optical limit is written as a sum of
volume-averaged (microscopic) current densities, 〈 jk (ω)〉:
(ω) = ∞ + i
0ω
∑
k〈 jk (ω)〉
E (ω) . (1)
Here, ∞ is the high frequency dielectric constant (a fitted
parameter) and E (ω) the total electric field along the c axis.
Next, the expression above is expanded as follows:
(ω) = ∞
+ dbl
dbl + dint
i
0ω
jbl(ω)
E (ω) +
dint
dbl + dint
i
0ω
jint(ω)
E (ω)
+χQint(ω)
E locint (ω)
E (ω) + χ
Q
ocp(ω)
E lococp(ω)
E (ω) + χ
Q
Lor(ω).
(2)
The second and the third terms represent the contributions
of the intrabilayer and interbilayer current densities, denoted
by “bl” and “int,” respectively. The fourth, fifth, and sixth
terms describe the contributions of phonons driven by the
local fields, E locint (ω), of the interbilayer region, E lococp(ω) acting
on the (outer) CuO2 layers and by the average electric field,
E (ω), respectively. The last term includes standard Lorentz
phonon lineshapes corresponding to noninteracting (mean
field) phonons. The intrabilayer and interbilayer current den-
sities are given by the corresponding averaged local fields and
local conductivities:
jbl(ω) = σbl(ω)Ebl(ω) , (3)
jint(ω) = σint(ω)Eint(ω) . (4)
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The conductivities are represented in terms of the corre-
sponding polarizabilities, χbl(ω) and χint(ω), as σbl(ω) =
−iω0χbl(ω) and σint(ω) = −iω0χint(ω). Drude-Lorentz
terms are used to describe components of all the polarizabil-
ities involved (χbl, χint, χQint, χQocp, and χQLoc), each of them is
expressed as
χ (ω) =
∑
m
ω2pl,m
ω20,m − ω2 − iωγm
(5)
with the resonant frequency ω0,m being either finite or zero
for a Lorentz or Drude term, respectively. Detailed formulas
for the averaged local fields [e.g., Ebl(ω)] and the local fields
acting on the ions [e.g., E lococp(ω)] are given in Ref. [30].
In summary, the MLM represents a set of self-consistent
equations describing the coupling between the lattice vibra-
tions and the local current densities via electrostatic inter-
action. The equations can be derived starting from a fully
microscopic theory involving Green’s function [31]. As a
result, phonon anomalies, such as an asymmetrical line shape
or atypical temperature dependence, can be accounted for as
a consequence of changes in σbl(ω) and/or σint(ω).
III. DATA AND ANALYSIS
A. YBa2Cu3O6.65 with p = 0.115
To demonstrate how a bilayer splitting may be discerned
from IR spectroscopy data, we focus first on an underdoped
Y123 sample with Tc = 75 K and p = 0.115. Figure 1(a)
shows the real and imaginary parts of the c-axis IR conductiv-
ity measured at 120 K (red lines) and 10 K (cyan lines). The
spectra display six IR active phonon modes and an electronic
background. The largest changes with cooling to 10 K occur
between 250–700 cm−1 where the broad band centered at 480
cm−1—the TPM—emerges and the phonon peaks at 190, 280,
320, 560, and 630 cm−1 exhibit sizable spectral changes. The
latter effects are the well known phonon anomalies that were
recognized and extensively studied earlier [4,5,7,14,32].
In order to quantitatively analyze the data, we use the MLM
with the same assumptions as in our earlier studies, i.e., the
phonons at 280, 560, 630 cm−1 that involve vibrations of the
apical and chain oxygen are driven by the local field E locint (ω)
and the phonon at 320 cm−1 that involves vibrations of the
planar oxygens is driven by the local field E lococp(ω). The only
difference as discussed below is that we show how the model
spectra fit the data in two different cases: (a) if the resonance
frequency of χbl(ω) is fixed at zero and (b) if it is allowed to be
finite. The two low frequency phonons at 155 and 190 cm−1
are treated as mean field phonons whose parameter values are
fitted at each temperature. Note that the 190 cm−1 phonon
peak, although its spectral weight is small exhibits sizable
anomaly as well: The spectral weight increases significantly
when going from the normal to the superconducting state.
This anomaly is related to the temperature dependence of
the intrabilayer local field and to the complex polarization
(a)
(b)
(c)
FIG. 1. The real and imaginary parts of the c-axis conductivity,
σc,1(ω) and σc,2(ω), for the Y123 sample with p = 0.115 at 120 K
(red lines) and 10 K (cyan lines). The panels show also the fitted
spectra obtained using the MLM (black lines) for (a) 120 K, (b)
for 10 K with σbl(ω) described using the Drude model, and (c) for
10 K with σbl(ω) described using the BA model. The arrow shows
the center frequency of the transverse plasma mode (TPM).
diagram of the phonon [16].1 Its description is beyond the
scope of this paper.
1The eigenvector of the 190 cm−1 phonon in Y123 involves mainly
the in-phase motion of yttrium and planar oxygen ions, see Ref. [45].
However, since the effective charge of oxygen is negative and that
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A key feature of our fitting is that the values of the
parameters of the phonons driven by the local fields (the
four phonons above 250 cm−1 in the case of Y-123) are
obtained by fitting the data above Tc (usually at 120 K) and
are then kept fixed when fitting the data sets corresponding to
lower temperatures. This leaves only variations in σbl(ω) [and
σint(ω)] to describe the low temperature electronic response,
the TPM, and the phonon anomalies. Consequently, the spec-
tra of σbl(ω) and σint(ω) are well determined. Both real and
imaginary parts of the conductivity, σc,1(ω) and σc,2(ω), are
used for fitting up to 4000 cm−1 (except for the Bi-based
cuprates for which we only have the data up to 700 cm−1).
This reduces ambiguities in the determination of the local
conductivities.
The black lines in Fig. 1(a) show the fit of the MLM to
the data for 120 K. At this doping, the values of the oscillator
parameters of the 320 cm−1 phonon are ωpl = 460 cm−1 and
ω0 = 410 cm−1. The values of the two frequencies are very
similar to those of a Y123 sample with Tc = 58 K and p =
0.09 obtained using the MLM model recently [7]. Values of
all the parameters are tabulated in Table I.
When applying the MLM to the low temperature data,
we find that it is the form of the intrabilayer conductivity,
σbl(ω), rather than the interbilayer conductivity, σint(ω), that
determines the shape of the TPM. We first assume that the
main contribution to σbl(ω) in the far-IR frequency range
is given by a Drude peak with γ = 0. Previously, such a
model was successfully used in fitting the data of the strongly
underdoped Y123 sample with Tc = 58 K [7,14]. The model
with this assumption will be denoted as the “Drude model”
and the corresponding fits are shown in Fig. 1(b) using the
black lines. Although the Drude model based fits for our
p = 0.115 K sample capture the main trends in the spectra,
there are significant deviations: (i) the spectral weight of the
phonons at 560 and 630 cm−1 is overestimated, (ii) the TPM
feature does not have a convex (bellylike) shape but rather
a concave shape, and finally (iii) the spectral weight of the
320 cm−1 phonon is too low.
Next, we relax our earlier assumption and allow the main
contribution to the intrabilayer conductivity σbl(ω) in the far-
IR range to be centered at a finite frequency. We have labeled
this approach as the “BA model,” motivated by the similarity
between the corresponding mode of the microscopic theory of
Ref. [19] (“BA mode”) and the Bogolyubov-Anderson mode
of a single layer superconductor. Figure 1(c) and, over an ex-
tended spectral range, Fig. 2(a) show the corresponding model
spectra where the resonance of χbl(ω) is centered at about
260 cm−1 and the Drude peak with γ = 0 is absent, as shown
in Fig. 2(b) which displays the local conductivities. It is clear
that this model fits the data much better in all three aspects
of yttrium positive, the corresponding polarization pattern of the
eigenvector has an out-of-phase character. It was shown that an
out-of-phase resonance of ions in the outer CuO2 layers and in the
intrabilayer region is strongly enhanced in the superconducting state
if it is located at lower frequency than that of the TPM, see Fig. 8(a)
in Ref. [16]. We believe that this is the main cause for the observed
strong enhancement of the phonon at 190 cm−1 in Y123. The phonon
at 400 cm−1 in Bi2223 is anomalous for similar reasons, see Sec. C.
FIG. 2. Panel (a) shows the 10 K data for the Y123 sample
with p ≈ 0.115 (cyan lines) and the MLM model based fit (black
lines) over an extended spectral range. (b) The real (solid lines) and
imaginary (dotted lines) parts of the local intrabilayer conductivity
σbl(ω) involved in the fits shown in Fig. 1 and in panel (a).
for which the Drude model failed. Particularly the bellylike
shape of the TPM feature and the phonon anomalies of the 560
and 630 cm−1 phonons are significantly better reproduced. We
note however that a weak Drude term in σbl(ω), i.e., a weak SC
delta function in the real part of σbl(ω), with a spectral weight
much smaller than that of the finite frequency mode, would
not be inconsistent with the present fit in the region of the
TPM. Consequently we do not claim that the SC delta function
is completely absent, we just claim that the main cause for
the observed TPM and the phonon anomalies at this doping
is the finite frequency mode and not the SC delta function.
Actually, a weak SC delta function, with the plasma frequency
comparable to that of σint(ω) (see Table I), must be present
also in σbl(ω) for the whole multilayer structure to exhibit a
dc superconducting response.
Next, we discuss in more detail the spectra of σbl(ω)
obtained from the fits, which are shown in Fig. 2(b). First,
we can see that the high frequency part above 1000 cm−1
is essentially temperature and model independent with the
major changes occurring at lower frequencies. At 120 K,
the response is essentially incoherent with a broad Drude
term with the plasma frequency ωpl = 1400 cm−1 and the
broadening parameter γ = 280 cm−1. Considering the width
of the Drude term, the question as to whether the resonance is
at zero or at small finite frequency cannot be answered.
The solid green line in Fig. 2(b) represents the spectrum
of σbl,1(ω) corresponding to the Drude model based fit for
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TABLE I. Values of the fitting parameters entering the model formulas: frequencies (ω0), plasma frequencies (ωpl), and broadening
parameters (γ ) of the oscillators obtained by fitting the high temperature (100–160 K) and the 10 K data of Ln123 crystals. All values of
phonon parameters have been obtained by fitting the high temperature data and fixed for 10 K fitting except for some phonon parameters of
Y123 with p = 0.09 that were allowed to vary to accommodate for the large temperature difference analyzed in Ref. [7].
Y123 La123 Nd123
p 0.09 0.115 0.124 0.137 0.12 0.12
Tc (K) 58 75 82 87 87 84
T (K) 160 10 120 10 140 10 120 10 100 10 120 10
∞ 4.30 4.30 4.05 4.05 3.86 3.71 3.97 3.82 3.88 3.88 3.70 3.63
σbl oscillators (cm−1)
ω0 0 0 0 0 0 0 0
ωpl 1520 400 1416 621 1902 1548 851
γ 150 150 283 1385 446 869 37
ω0 0 264 303 387 439 218 650 354
ωpl 1830 1496 1146 1476 1157 1178 2555 1010
γ 0 80 250 129 140 157 2650 107
ω0 1760 1777 1251 1250 1331 2000 1735 1700 3200 2200 800 1280
ωpl 5900 5900 3748 3748 3809 6561 4431 4635 3360 4109 1010 2689
γ 3750 3670 2680 2700 3600 3600 3100 3000 3500 3500 1340 2650
ω0 3000 3000 7000 7000 6090 6000 6000 6000 8000 8000 7200 7200
ωpl 3470 3530 6617 6617 6410 8519 5680 5588 2696 4547 5631 5831
γ 3330 3300 8690 8000 9000 9000 6300 7000 7000 7000 6700 6700
σint oscillators (cm−1)
ω0 0 0 0 0 0 0 0 0 0 0 0 0
ωpl 340 274 380 380 2039 659 15 811 1630 667 1433 650
γ 300 300 70 0 1334 0 600 0 1550 50 1920 0
ω0 0 952
ωpl 195 1303
γ 0 1070
ω0 1500 1730 1654 2500 2080 1500 685 1050 1400 1100 1400 1400
ωpl 2950 2950 4657 4657 4127 3852 3980 3626 3147 2568 4070 4077
γ 5140 5210 9154 9000 5160 5500 3000 3000 2227 1800 2600 2600
ω0 3000 3000 7000 7000 5500 5500 7000 7000 7000 7000 6500 6500
ωpl 2150 2180 9213 9213 6007 4634 10000 10000 12430 12430 9034 9413
γ 2960 3200 8340 8300 5500 5500 5300 5300 6200 6200 7000 7000
Planar oxygen phonon modes (cm−1)
ω0 410 410 410 408 401 407 411
ωpl 481 481 460 441 426 430 450
γ 24 31 9.6 12.3 8.9 24.4 8.2
Inter-bilayer phonon modes (cm−1)
ω0 286 282 288 288 288 280 288
ωpl 44 45 53.9 53.9 55.0 22.6 77.3
γ 13 9 14.8 14.8 13.4 12.4 45.2
ω0 558 564 589 600 604 0 611
ωpl 132 132 247 265 207 0 157
γ 24 32 30.7 24.6 16.4 0 21.1
ω0 650 650 652 644 650 668 640
ωpl 294 263 378 372 457 504 483
γ 17 14 14 9.6 8.8 7.7 22
10 K. It looks very similar to the one of T = 120 K, how-
ever it has a delta function at zero frequency with quite
a significant plasma frequency of ωpl = 1400 cm−1 giving
rise to the low-frequency upturn in σbl,2(ω). The solid black
line represents the spectrum corresponding to the BA model
at 10 K. It exhibits a sharp mode centered at 260 cm−1
with a plasma frequency of about 1500 cm−1, to be labeled
as BA mode in the following. Note that the frequency of
the BA mode is significantly lower than 470 cm−1, the fre-
quency of the TPM. This is because the TPM occurs close
to the screened longitudinal frequency of the intrabilayer
response that is determined by both the transverse frequency
and the spectral weight of the BA mode, for details see
Appendix.
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B. Interpretation of the BA mode
The properties of the peak in σbl,1(ω) discussed above
are well comparable to those of the BA mode occurring in
the spectra of σbl(ω) reported in Ref. [19], obtained using a
microscopic gauge-invariant theory involving the bilayer-split
(bonding and antibonding) bands; see Figs. 10(d) and 14(a) of
Ref. [19], in particular the spectra corresponding to t⊥ = 45
meV in Fig. 10(d) and t⊥ = 30 meV in Fig. 14(a). Here t⊥ is
the intrabilayer hopping parameter.
1. Bogolyubov-Anderson mode
The nature of the BA mode of Ref. [19] is similar to that
of the Bogolyubov-Anderson mode that participates in the
longitudinal response of a homogeneous superconductor. We
recall that in homogeneous superconductors a longitudinal
electromagnetic field excites the Bogolyubov-Anderson mode
involving density fluctuations of the electron system, associ-
ated with a modulation of the phase of the order parameter
[33–35]. The energy of the Bogolyubov-Anderson mode is
proportional to vF |q|, where vF is the Fermi velocity and q
the wave vector. So far we did not consider the Coulomb
interaction between the carriers, that will shift the mode
towards higher frequencies. In a single-layer superconductor
(one CuO2 plane per unit cell), a longitudinal electromagnetic
field with E ‖ c would induce a Bogolyubov-Anderson-like
mode with energy proportional to the Fermi velocity along the
c axis. Again the Coulomb interaction shifts the mode towards
higher frequencies. In the long-wavelength limit we obtain the
c-axis plasma mode.
2. Relation between the BA mode and the Bogolyubov
Anderson mode
In the present case of the IR response of a bilayer supercon-
ductor the situation is more complicated. The electromagnetic
wave is transverse with q ⊥ c. Nevertheless, it induces a
charge density that is modulated along the c axis. For small
values of t⊥ the modulation is accompanied by oscillations
of the relative phase of the two planes, see Fig. 4(b) of
Ref. [19]. The pattern is analogous to the one associated
with the Bogolyubov-Anderson mode of a single-layer su-
perconductor with q ‖ c, |q| = π/d shown in Fig. 4(a) of
Ref. [19]. The analogy allows us to interpret the BA mode
of σbl as an analog of the Bogolyubov-Anderson mode. This
point of view can be substantiated by comparing the equations
describing the modes as detailed in Ref. [19]. Note that the
long-wavelength in-plane modulation of the electromagnetic
wave has qualitatively no impact on the mode. In the total
conductivity the BA mode is shifted to higher energies by
the interlayer Coulomb interaction. The resulting structure
corresponding as we believe to the TPM is labeled as T1 in
Ref. [19].
3. Relation between the energy of the BA mode
and the bonding-antibonding splitting
Note that the energy of the BA mode is proportional to t⊥,
i.e., to the bilayer splitting (the unrenormalized magnitude of
the band splitting is 2t⊥). It has been argued by Hirata et al.
[36] that the strong temperature dependence of the TPM mode
in multilayer Hg-based cuprates below Tc indicates that the
mode is rather due to the plasma of the superconducting pairs
than to an interband transition. We agree that the temperature
dependence suggests that superconductivity is a prerequisite
for the formation of the TPM. But in addition there is,
we believe, a relation to the bonding-antibonding splitting that
we explain below. According to the model of Ref. [19] the nor-
mal state spectra of σbl,1(ω) display a very broad band that can
be roughly interpreted as an overdamped interband bonding-
antibonding transition, see Fig. 10(b) of Ref. [19]. In the
total conductivity the resulting structure is even broader, see
Fig. 10(e) of Ref. [19]. In the superconducting state, however,
the band in σbl,1(ω) becomes fairly narrow, see Fig.10(d) of
Ref. [19]. A sharp band shifted to higher energies appears
then in the spectra of the total conductivity, see Fig. 10(f)
of Ref. [19]. The important questions are: (a) Why is the
energy of the band in the superconducting state unrelated to
the superconducting energy gap 
? (b) Why is the band so
narrow?
Regarding (a): the infrared radiation excites quasiparticles.
A typical final state—in the absence of interactions—would
involve a Bogoljubov quasiparticle of the bonding band (en-
ergy Eb =
√

2b(k) + 2b (k)) and a Bogoljubov quasiparticle
of the antibonding band (energy Ea =
√

2a(k) + 2a (k)). Here

b and 
a are the superconducting gaps of the two bands
and b and a the corresponding dispersions. The total energy
of the excited state would be Eb(k) + Ea(k). The excited
quasiparticles however interact and form a bound state (this
is similar to the formation of an exciton below the band gap
of a semiconductor), whose energy is determined by t⊥ rather
than by 
.
Regarding (b): The band is so narrow because the quasi-
particle background is strongly suppressed by the formation
of the superconducting gap. As the band moves into the
quasiparticle continuum above 2
, it becomes fairly broad,
see Figs. 10(d) and 10(f) of Ref. [19].
These facts explain the rapid development below Tc of the
band inside the superconducting gap. Note that for small val-
ues of the bilayer splitting, the nature of the BA mode is very
similar to that of the bilayer plasmon of the phenomenological
Josephson superlattice model used in many earlier studies.
4. Pair breaking bonding-antibonding transition
We have stressed that the BA mode and the TPM cannot
be simply interpreted in terms of a transition between the
bonding and the antibonding bands. Such a transition (a pair-
breaking bonding-antibonding transition) is predicted to occur
somewhat above the superconducting gap and indeed a second
superconductivity-induced mode appears in the data at higher
frequencies [19]. For our Y123 sample with p = 0.115, the
latter mode occurs at about 120 meV and it is denoted as
T2 in Fig. 2(a). Next we address the nature of this second
mode. In our discussion of the energy of the BA mode above,
we have mentioned final states with energy Eb(k) + Ea(k). In
the expressions for σbl they are coupled and yield a bound
state (excitonlike) inside the superconducting gap. In the
expression for σint they are not coupled because there are,
within the model, no interactions between different bilayers.
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(a)
(b)
(c)
(d)
(g)
(f)
(e)
FIG. 3. Doping dependence of the BA mode in Y123. Panels (a)–(d) show the T = 10 K spectra of σc,1(ω) (cyan lines) and the 120 K
spectra (red lines) for Y123 with various values of the doping p. The black lines are fits of the 10 K data obtained using the MLM. Panels (e)
and (f) show the real and imaginary parts of σbl(ω), respectively, inferred from the MLM fitting for 10 K. Panel (g) shows the doping evolution
of the BA mode’s frequency, ω0, and its broadening parameter γ . The lines are guides to the eye.
These final states give rise to a structure somewhat above 2
,
see Fig. 13 of Ref. [19]. The energy is above 2
 because of
the factors b(k) and a(k) in Eb(k) and Ea(k) that cannot be
simultaneously zero.
C. Doping and intralayer distance dependence
Here we address the doping and intrabilayer distance de-
pendencies of the BA mode inferred from our MLM fitting
and compare it with expectations based on theory and ARPES
measurements. Figures 3(a)–3(d) shows σc,1(ω) data for Y123
with p ranging from 0.137 to 0.09, along with the correspond-
ing fits obtained using the MLM. We use the same version of
the MLM here for all doping values—we only vary the values
of the fitting parameters that are listed in Table I.
In the case of the strongly underdoped sample with p =
0.09, the best fit is obtained using the Drude model, see
Fig. 3(d). The model with the frequency of the BA mode in
the range 150–300 cm−1 led to worse agreement with the data
(not shown). Note that based on the data it cannot be decided
whether the resonance of σbl(ω) is located at ω = 0 or at a
finite ω smaller than about 100 cm−1 because the differences
between the fits are not significant.
With increasing doping, the TPM moves to higher energies
where it eventually merges with the continuum for p ≈ 0.15
in Y123 [30]. Meanwhile, the associated phonon anomalies
become progressively weaker. As the TPM and the anomalies
become less pronounced, the results of the MLM analy-
sis become less reliable. The highest doping for which we
were able to perform a reliable MLM based data analysis
is p = 0.137 for Y123 with Tc = 87 K [see Fig. 3(a)] and
p ≈ 0.145 for Nd123 with Tc = 94 K (the effects of the sub-
stitution of Nd for Y are addressed below). Figures 3(e) and
3(f) display the inferred real and imaginary parts of σbl(ω),
respectively, for the Y123 series. For p  0.115 the spectra
exhibit a BA mode at a finite energy instead of a Drude peak.
The energy, ω0, and broadening, γ , of this mode increases
with increasing doping, as shown in Fig. 3(g). Our results, in
conjunction with the microscopic theory of Ref. [19], indicate
that the bonding-antibonding splitting develops for p above
the critical value of 0.10 ± 0.01. The observed increase of ω0
with increasing p is consistent with the assumption that the
effective value of the intrabilayer hopping matrix element t⊥
increases with doping (it has been shown in Ref. [19] that the
energy of the BA mode increases with t⊥ and the same applies
to the T1 mode corresponding to the TPM).
ARPES experiments on Y123 samples with the surface
doping controlled through in situ deposition of K atoms reveal
a collapse of the bonding and antibonding Fermi surfaces
into four nodal Fermi arcs for doping levels below pc =
0.12 ± 0.02 [24,25]. Our results agree within the error bars
with this value and suggest that the collapse occurs likely
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(a)
(b)
(c)
(d)
FIG. 4. Intrabilayer distance dependence of the BA mode. Panels
(a), (b), and (c) show the σc,1(ω) spectra at T = 10 K (cyan lines)
and at 120 K (red lines) for p ≈ 0.12 Ln123 with Ln=Y, Nd, and
La, respectively. The black lines represents fits to the 10 K spectra
obtained using the MLM model. The intrabilayer distance increases
by about 8% when going from Y123 (a) through to La123 (c) [38].
Panel (d) shows the spectra of σbl,1 inferred from the MLM fitting.
within the lower part of the ARPES error-bar interval. Recall
that infrared spectroscopy is a bulk-sensitive technique. As
such, our results provide an important validation that the band
splitting is indeed a bulk phenomenon rather than a surface
effect or a result of a surface modification [25,37].
An alternative way to modify t⊥ is via changes of the
distance, dbl, between the two closely spaced CuO2 layers
(the intrabilayer distance). In this case, t⊥ is expected to
decrease as dbl increases. Experimentally, dbl can be affected
by substitutions of the Y ion by Ln3+ species with larger ion
size, rion. For example, rion(Y) < rion(Nd) < rion(La) leads
to La123 having about 8% larger dbl than Y123 [38]. Thus
one might expect a lower energy BA mode for La123 as
compared to Y123 of a similar doping level. We find that
this is indeed the case. Figures 4(a)–4(c) shows the spectra
of σc,1 along with their respective MLM based fits (black
lines) for Ln123 samples with Ln=Y, Nd, and La, all at a
similar doping level of p ≈ 0.12. The inferred spectra of σbl,1
shown in Fig. 4(d) are consistent with our expectations from
FIG. 5. (a) The real part of the c-axis conductivity of slightly
underdoped Bi2223 with p = 0.132 and Tc = 102 K. Data at 150 K
(red line) and 10 K (cyan lines) and fits using the MLM for 150 K
(dotted line) and 10 K (black solid line). b) The real part of σbl(ω)
corresponding to the model spectra shown in panel (a).
the arguments above—the BA mode moves to lower energy as
rion increases from Ln=Y to Nd to La.
D. Bi-based cuprates
We have also analyzed with the MLM the c-axis conduc-
tivity of a weakly underdoped Bi-based cuprate supercon-
ductor Bi2223 with Tc = 102 K, p = 0.132, which exhibits
a pronounced TPM feature. Figure 5(a) shows the real part
of the c-axis conductivity of the Bi2223 single crystal. When
compared with the 150 K data (red line), the 10 K data (cyan
line) display several significant differences: (i) an increase
in spectral weight around 500 cm−1 (a TPM feature), (ii) a
softening and broadening of the 580 cm−1 phonon, and (iii)
anomalous changes of the 360 cm−1 and 400 cm−1 phonons.
The features (i) and (ii) appear qualitatively similar to
those for Y123 discussed above and we model them in the
same way with the MLM. Next we summarize the important
details of our approach. The interbilayer conductivity, σint(ω),
has been set equal to zero since the Bi-O “blocking layers”
separating the CuO2 trilayers are almost insulating. The mode
at 580 cm−1 is included as usual as an interbilayer oxygen
mode (it predominantly involves in-phase c-axis motion of
the apical oxygens [39]). The parameters of this phonon were
fixed at their high-temperature values and so the anoma-
lous temperature change of this mode is fully accounted for
by the changes in σbl(ω) . The anomalous behavior of the
360 cm−1 and 400 cm−1 phonons was qualitatively interpreted
in Ref. [40] in terms of their eigenvectors. For the 360 cm−1
(400 cm−1) mode the oxygens in the outer layers and those
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TABLE II. Values of the fitting parameters for slightly under-
doped Bi2223 entering the model formulas: frequencies (ω0), plasma
frequencies (ωpl), and broadening parameters (γ ) of the oscillators
obtained by fitting the 150 K and 10 K data.
T (K) 150 10
∞ 5.7 5.7
σbl oscillators (cm−1)
ω0 0 0
ωpl 851 783
γ 1110 664
ω0 477 472
ωpl 273 533
γ 86 150
High energy interbilayer oxygen phonon mode (cm−1)
ω0 627 627
ωpl 538 538
γ 48 48
Mean-field phonon modes (cm−1)
ω0 641 642
ωpl 90 74.6
γ 15 15
ω0 462 462
ωpl 70 70
γ 15 10
ω0 401.2 399.8
ωpl 152.1 155.5
γ 29.1 19.1
ω0 360.1 357.3
ωpl 261.1 231.1
γ 35.8 33.6
ω0 306.6 307.9
ωpl 309.6 310.3
γ 25.3 26.1
ω0 275.1 275.2
ωpl 326.2 320.3
γ 43.1 40.1
ω0 209.1 207.2
ωpl 187.2 199.8
γ 25.2 23.6
ω0 167.4 167.6
ωpl 160.6 164.4
γ 18.9 20.5
in the central layer vibrate approximately in phase (out of
phase). A simple quantitative model of the anomalies of these
phonons was elaborated in Ref. [16]. However, the behavior
of these phonons in a real material depends very sensitively
on details of the eigenvectors and of the local fields and it is
thus difficult to include these phonons in the MLM based fit
in a rigourous way. We have therefore decided to treat them
as responding to the mean electric field rather than to the local
fields. The other phonons have been treated in the same way.
The resulting fits are shown in Fig. 5(a) for 150 K (dotted
line) and for 10 K (solid black line). Values of the fitting
parameters are given in Table II. We see that the model fits
the data reasonably well in the critical range between 450–
650 cm−1. The corresponding spectra of σbl,1 shown in
Fig. 5(b) exhibit a well defined mode near 500 cm−1 and a
broad background. We do not show here the alternative fit with
the Drude peak in σbl(ω) since this model fails to reproduce
the data. It appears that the features (i) and (ii) of the 10 K data
listed above are only reasonably reproduced if the resonance
in σbl(ω) is at a finite frequency near 500 cm−1. Note that
the frequency of the TPM in σc,1(ω) is only slightly higher
than that of the BA mode in σbl(ω) in contrast to the case of
Y123. This is because for Bi2223, the BA mode has a fairly
small spectral weight compared with Y123. As discussed in
Appendix, the TPM occurs close to the longitudinal optical
frequency of σbl(ω), which, due to the small spectral weight, is
relatively close in this case to the transverse optical frequency.
We note that the sharp structure near 480 cm−1 in σbl,1(ω)
at 150 K [see Fig. 5(b)] is probably an artifact due to the
fact that the phonons at 360 and 400 cm−1 are treated as
noninteracting (mean-field) in the model as discussed above.
In particular, the sharp dip around 440 cm−1 in the spectra of
σc,1 might be a result of an interference of the phonons with
the electronic background. The small peak at 150 K is there
essentially to model the small belly around 500 cm−1 which
may not be there without the dip at 440 cm−1.
Our modeling of the infrared response of Bi2223 thus
reveals a BA mode at about 500 cm−1 (60 meV) for p =
0.132. This value is comparable to the normal-state magnitude
of the bonding-antibonding splitting in near optimally doped
Bi2212 of ∼100 meV that is obtained by ARPES near the
antinodes in the Brillouin zone [20,41,42]. Note that the
splitting is smaller away from the antinodes, with ARPES
measurements indicating a value of ∼15 meV near the nodes
[43], and that the energy of the BA mode of Ref. [19] derives
from a weighted average of the normal state splitting over
all the Brillouin zone. The situation for Bi2223 is somewhat
more complicated as the inner- and outer-CuO2 layers have
different values of p, and there are now three bands crossing
the Fermi level [23,44]. For Bi2223, Mori et al. predict that the
value of the bonding-antibonding splitting is about 1.5 times
larger than that for the bilayer compound [44]. Generally,
the band splitting in ARPES spectra is more pronounced for
overdoped samples, where the quasiparticle lifetime is much
longer, whereas in our optical conductivity spectra it is more
readily identifiable in slightly-underdoped samples, where the
TPM feature and phonon anomalies are more pronounced.
IV. SUMMARY
With a phenomenological multilayer model, we have quan-
titatively analyzed the phonon anomalies occurring in the
c-axis conductivity of several high-temperature cuprate su-
perconductors for various values of the hole doping, p. The
multilayer model introduces two local conductivities: the
conductivity σbl(ω) of the region between the closely spaced
CuO2 layers (the so-called intra-bilayer region) and the local
conductivity σint(ω) of the region separating these stacks of
CuO2 layers (the so-called inter-bilayer region).
The modeling of YBa2Cu3O7−δ data shows that bilayer
splitting is already developed for p > 0.10 ± 0.01, with the
superconductivity related maximum in the spectra of the real
part of σbl(ω) centered at a finite energy, increasing from
30 meV at p = 0.115 to 55 meV at p = 0.137. The results
are in good agreement with the theoretical study of the c-axis
response of bilayer compounds in Ref. [19] that predicts
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a collective intrabilayer mode at a similar energy due to a
strong coupling of the two adjacent CuO2 layers. This mode
cannot be assigned to a simple picture of a transition between
the bonding and antibonding bands—the latter transitions are
instead predicted to manifest themselves at higher energies
and have indeed been observed in samples with p > 0.11 [19].
For p = 0.09, the maximum of σbl,1(ω) is centered essentially
at zero energy which points to a weak (Josephson) coupling.
This doping dependence is in agreement with the trends
deduced from angle-resolved photoemission data where the
onset of a strong intrabilayer coupling (i.e., well resolved
bonding and antibonding bands) occurs at pc = 0.12 ± 0.02
[25], with our results showing that this splitting of the con-
duction band is indeed a bulk effect.
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APPENDIX: FORMULA FOR THE FREQUENCY
OF THE BA MODE IN A SIMPLE CASE
Here we derive the formula for the frequency of the
BA mode in the most simple case of vanishing interbilayer
conductivity and electron-phonon coupling neglected. In the
absence of any phonon contribution, the formula for the c-axis
dielectric function yielded by the solution of the complete set
of equations (see Sec. 4 of Ref. [30]) reads
1
(ω) =
zbl
bl(ω)
+ zint
int(ω)
, (A1)
where zbl = dbl/(dbl + dint ) and zint = dint/(dbl + dint ) are the
volume fractions of the bilayer and interbilayer region, respec-
tively. Functions bl(ω) = ∞ + χbl(ω) and int(ω) = ∞ +
χint(ω) can be viewed as the dielectric functions of the
intra- and interbilayer region, respectively. Since the complex
impedance is inversely proportional to the dielectric function,
Eq. (A1) can be viewed as the formula for the total impedance
of the set of the intrabilayer and interbilayer impedances in
series, which was pointed out in the early paper by van der
Marel and A. Tsvetkov [17]. If we assume χbl(ω) in the form
of an undamped Lorentzian resonance at frequency ωBA,
χbl(ω) = ω
2
bl
ω2BA − ω2
(A2)
and assume that the interbilayer region is insulating, χint(ω) =
0, Eq. (A1) yields
(ω) = ∞ + S
ω2TPM − ω2
, (A3)
where
ω2TPM = zint
ω2bl
∞
+ ω2BA (A4)
and
S = zblω2bl . (A5)
Since the geometrical factor zint is typically close to 1 in
cuprates, the frequency of TPM (A4) is close to the screened
longitudinal optical frequency of the intrabilayer dielectric
function. Equation (A5) shows that the spectral weight in-
creases with increasing number of CuO2 planes per unit cell
provided ωbl is constant. We express the frequency of the BA
mode from Eqs. (A4) and (A5) as
ω2BA = ω2TPM −
zint
zbl
S
∞
. (A6)
We can see that in the limit of small spectral weight S, the
frequency of the BA mode approaches that of the TPM, which
is the case of Bi2223 analyzed in this paper. With increasing S,
the BA mode frequency decreases, and it can be significantly
lower than that of the TPM, as is the case of Y123 with
p = 0.115 analyzed in Sec. III A. For strongly underdoped
Y123 ωBA seems to approach zero. Equation (A6) can be in
principle used for a simple estimate of the BA mode frequency
from experimental values of ωTPM, S, and ∞, provided that
the assumptions are reasonably valid, i.e., the compound is
strongly anisotropic (χint(ω) ≈ 0) and the interactions with
phonons are weak enough. In other cases, a fitting of the data
with the full model with interacting phonons is needed.
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